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Abstract

A Bernoulli type expansion of the inverse Taylor operator is introduced, and its
application in solving the difference equation Ay(x) = g(x), is investigated.

Further applications relate to the Bernoulli and Euler polynomials, and to the
evaluation of sums of powers of positive integers.

1. Introduction

While the published research on obtaining solution (exact and/or
approximate) to various types of differential equations is quite extensive,
the corresponding research for difference equations, is rather limited.

The difference equation
Ay(x) = y(x +1) = ¥(x) = g(x), (1.1)

where g(x) is given, was studied by Krull, in his pioneer work [7], and

later on by other researchers [4], [5], [8], and [9].
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In a recent paper [6], a method for obtaining the solution of the

difference equation (1.1), was developed, for a broad class of functions

g(x). This method is based on the operator equivalency (Taylor formula),
A=eP —TorD=inl+A), (1.2)

where A is the difference operator introduced in (1.1), D = d/dx is the

derivative operator, and I is the identity operator.
Assuming that G(x) is an antiderivative of g(x), and in view of
(1.2), the difference equation (1.1) is formally equivalent to

Ay(x) = (n(I + A)G(x). (1.3)

This approach was exploited in [6] and proved to be fruitful, since
among other things, it revealed some interesting expansions for the

gamma and the digamma (or psi) functions.

In this paper, we investigate an alternative approach of treating the
Equation (1.1). Making use of (1.2), we write (1.1) as

(€” - I)y(x) = g(x) = DG(x). (1.4)

or solving formally for y(x),

-1
(@) = (2 - 1) DG(x). (1.5)
Since
z C By 1 N B _k
— Zk R _ 14 =20 |7 < 2m, (1.6)
ez _1 =0 k‘ kZ; k’ | |

where Bj, is the k-th Bernoulli number, one can expand formally

(eD - I)_lD, as

?-1'D=1+ i% D*, (1.7)
k=1

and applying (1.7) into (1.5), yields
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3(x) = Glx)+ Z% DEG(x) = Glx) + Z% DF g(x). (1.8)
k=1 k=1

Formula (1.8) suggests a method of solving the difference equation
(1.1).

In the sequel of this note, we will focus our attention in cases where

g(x) is a polynomial of x, and investigate some rather interesting

applications, which naturally follow.

2. The Case where g(x) is a Polynomial

If g(x) is a polynomial of degree n, then the infinite series in (1.8)

terminates (i.e., becomes a finite sum), the last term being

Bn+1
(n+1)

Bn+1
(n+1)

DrHlG(x) _ Bn+1 Dng(x) _ g(n)(x)

(n+1)
We are thus led to the following:
Theorem 1. If g(x) is a polynomial of degree n and G(x) is an

antiderivative of g(x), then the solution of the difference equation

Ay(x) = g(x), can be expressed as

n+l

§w) = Gl) + 3 g ), 1)
k=1 "

Having obtained (2.1) as the solution to the difference equation

Ay(x) = g(x), one may easily generalize to the difference equation
y(x + 1) - y(x) = g(x), where L =1, 2, 3, .... (2.2)

Theorem 2. If g(x) is a polynomial of degree n and G(x) is an
antiderivative of g(x), then the solution of the difference equation

y(x+2)—y(x) = g(x), r =1, 2, 3, ..., can be expressed as

n+l
ylx) = @ DI %g(k—l)(x). 2.3)
k=1 '
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Proof. If we set x = A - w, Equation (2.2) becomes
y(Mw +1)) - y(Aw) = g(Aw), and if we call
Y(w) = y(Aw) and g(w) = g(Aw), the last equation becomes
Y(w +1) - y(w) = g(w), having solution, according to (2.1),

n+l

~ ~ By, ~(h-
Fw) = Gw)+ Y =L 8 Dw), 2.4)
k=1
where G(w) is an antiderivative of g(w), or since w = %,

Glx) "&po1 By (1) .
y(x) = == Z N 8 (x), and this completes the proof.
k=1 :

We are now in a position to state two fundamental theorems,
applications of which will be given in the next section.

Theorem 3. Given a polynomial q(x), of degree n, the polynomial

E(x), of degree n, which satisfies the equation
E(x)+E(x +1)+ E(x +2)+... + E(x + 1) = q(x), (2.5)

A being any positive integer, can be expressed as
_AQ) |\ k-1 Br (k1)

where, of course, Q(x) is an antiderivative of q(x).

Proof. From Equation (2.5), the polynomial E(x) satisfies the

difference equation

E(x +1+1)- E(x) = g(x +1) - g(x) = Ag(x),
where Ag(x) is a polynomial of degree n — 1. Making use of (2.3), and the

fact that (Aq(x))(k_l) = A(q(kfl)(x)), k=1,2,3,..., Equation (2.6) is

readily obtained, and the proof is completed.
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It will be shown shortly, that this approach furnishes a simple and
natural way to develop the theory of Euler polynomials.
Theorem 4. Given a polynomial g(x), of degree n, and a positive

integer A, then

A n
3 gle +i) = Gl + 2 +1) - Glx) + Z% (g(x + A +1) = gD, @.7)
i=0 k=1

where G(x) is an antiderivative of g(x).

A
Proof. Let y(x) = Zg(x +1)=g(x)+ g(x+1)+...+ g(x + »). Then
i=0

Ay(x)=y(x +1)— y(x)= g(x + AL +1)— g(x). The expression g(x +i+1)— g(x)
is a polynomial of degree n -1, so according to (2.1), y(x) can be

expressed as

n

A
ylx) = Zol glx +1i)= Glx + 1 +1) - G(x) + %{g(x +h+1) - gy,

= k=1

and the proof is completed.

3. Evaluation of the Sum 1”7 + 2" + ...+ A",

n being any Positive Integer

While the problem of evaluating the sum
A
Sn(x)zzj‘” =17 42" 48" 4+ A, (3.1)
=1

n being a positive integer, is quite old, still there 1s an interest in the
problem and various papers are being published on the subject [2], [3],
and [10].

In this paper, we present a new, as far as we know, method to obtain

an expression for S, ().
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Let

A
D)= D (x+ ) =a+(x+ 1)+ (x+2) 4+ (kD) (3
j=0

From Theorem 4, Equation (2.7), ®(x) can be expressed equivalently

as

n

n+l _ n+l B k-1
o(x) = E2 +i)+ — Zﬁ((x oy - @)

)(k—l)

The term % ((x A+ - " , can be simplified as follows:

%.n(n—1)(n—2)...(n—(k_z))((x+7M+1)n+1—k _xn+1—k)

n+1
=By 1 [ ]((x + A+ 1R ok )
k

Therefore, Equation (3.3) can be written, equivalently,

L 1
(D(x) = ﬁ{(x + A+ 1)'”1 — xn+1 + ZBk(n; ]((x 0+ 1)n+17k _ xn+1—k) ’
k=1

or, in a more compact form
1 n n+l
d(x) = —— ZBk ((x +A 1) x’”l‘k), (3.4)
n+1l ~ k

where By = 1.

Upon noticing that ®(0)=S,(A)=1" +2" +...+ 1", one easily
obtains that

1 n n+l
S,(\) = ZBk[ J(x + 1R (3.5)

n+1k=0 k
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It is worth mentioning that (3.4) could be used in order to evaluate

other arithmetic sums, such as 1" + 3" + 5" + ... + (21 + 1)", by evaluating

D(x) at x = %, or 1" +4" + 7" + ...+ (3L +1)", by evaluating ®(x) at
x :%, or in general, 1" +(1+1-m)" +(1+2-m)" +...+ (1 +A-m)",
m being a positive integer > 2, by evaluating ®(x) at x = %

It is a trivial matter to show, for example, that

A 1 n n+1
Z(l +k-m)t = — ZB;{ ]((1 (4 m) R - 1)’ mFL,
k=0

k=0 k

(3.6)
4. The Bernoulli and Euler Polynomials

The theory developed thus far, furnishes a particularly simple and
natural way to investigate polynomials defined by means of a recursive

formula.

It is a well-known fact, that the Bernoulli and Euler polynomials can

be introduced in various ways.

In this paper, we will define the Bernoulli and the Euler polynomials,
by means of their respective recursive formulas, apply the theory
developed, and obtain quite easily their corresponding expansions.

The Bernoulli polynomial of degree n, can be defined as follows:
B,(x +1)-B,(x)=n-x"1, B,(0)=B,, n=012.., (4.1)
where B, is the n-th Bernoulli number.
Making use of (2.1), it is easily verified that

n n
B,(x)=c+ ZB;{ Jx”_k, By =1, (4.2)
k=0 k
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where ¢ is the arbitrary constant of integration. Since B, (0) = B,,, it

n
turns out that ¢ + B, = B, i.e, ¢ = 0, and finally,
n
n n
B,(x) = ZBn x"k n=0,1,2 ... (4.3)
k=0 k

On the other hand, the Euler polynomial of degree n can be defined

by means of the formula [1]
E,(x+1)+E,(x)=2-2", n=0,12 ... (4.4)

The polynomial E,(x), for n > 1, can now be easily calculated, from

(2.6), with A =1 and q(x) = 2-x". [The Ey(x) = 1, as it is easily verified
from (4.4)].

Straightforward application of (2.6) yields

RS T A e )2 n_n\kD
E,(x) = - +;2 ) (@ -

on equivalently, after some simplifications

n
1 3
Bnle) = g D2 Bk[
k=0

For example, for n = 0,1, 2, and 3, we obtain the corresponding

n+1

J((x " 1)n+1—k _ xn+1—k). (4.5)
k
Euler polynomials
1 2 3 3 92 1
Ey(x)=1, E;(x) = x -5 Ey(x) = x° —x, E3(x) = x -G X ete

Various properties of Euler’s polynomials can be derived, rather
easily, from (4.5). For example, one can show that if n is an odd positive
integer, i.e., n =1, 3, 5, ..., then

En(_ %) S (4.6)
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Indeed, applying (4.5) for x = —%, and assuming n to be an odd

positive integer, then the only surviving term in (4.5) will be the

one corresponding to k=1, (since Bs =By = B; =...=0, while

for the terms B,, By, Bg,...., which are not zero, the term

((x + 1)k xn+1_k) evaluated at x = —%, vanishes). The first term
i : ((x + 1)t gt ), also vanishes, when evaluated at x = — %

n+1 n n
1 1 1 1 1
Hherefore, E"(‘aj‘m‘”l{ , J((a) (-3 j__Qn_—l’
on the assumption of course, that n is an odd positive integer,

n--3)

Now making use of the defining Equation (4.4) and applying at

1 .
x = ——, one obtains

2
B(L)em(-1)-2(-1)" @

If n is odd positive, then from (4.6) and (4.7), one obtains that
En(%) =0,n=13,5,....

The Euler numbers are defined as [1]

E, = 2" En(%j (4.8)

If n is odd positive, then E, =0, while if n is an even positive

integer, the following expression can be found, using (4.5) and (4.8)

n
1 2k-1
E =—— 2 B
n n+11;) k{

forn=0,2, 4,6, ....

n+1

](3’“1—’e ~1), (4.9)
k
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We have thus expressed the Euler numbers, explicitly, in terms of the

Bernoulli numbers.

(1]

(2]
(3]

(4]

(5]

(6]

(7

(8]

(9]

(10]
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